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Lecture 1 : The Origin of Minmax,

Birkhoff Curve Shortening Process

and its Generalization to Surfaces
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Proof. One minimizes

2

oy
E(7) := —| dob
() /5 |
Observe
L*(¥) < 27 E(7)
Recall

Wi2(s1) < cO/2(s1)
Arzela Ascoli =
Fir = Yo strongly in C°
Observe
dp>0 st VzelN” BY"(z) is convex.
Connect Jx(0) and 7 (0) with the unique geodesic in

BN (750(0)). This realizes an homotopy between i and Yo
Hence [Yx] = a.
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The case m(N?) = 0.

Vanishing

Minimizing Sequence i' dep3

of Loops step 2
step 1

The minimization procedure vanishes...
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Assume Wz, = 0.Let & be a minimizing sequence :

li E(dk(t,-)) =0
k30 eajo1] (%(t )

Use again
W1,2(51) N C0’1/2(51)

For k large enough
Vt € [0,1] &k(t,SY) C BN (pi(t))  convex
where py(t) € C°([0,1], N™).Using shortest geodesic
homotop &(t,-) to the constant map pk(t)

Observe
pk([0,1]) s contractible.

Hence [5([0,1] x S1)] = 0 in Hy(N?).
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Piecewize Linear Maps with @ Breaks.

From now on we assume Wjz, > 0 and ask
Does there exists a geodesic ¥ such that L(Y) = /27 Wz ?

We “project” the space of paths into an “almost finite dimensional
space” : Introduce

7e Wh2(S1,N?) st L(7) < Q6
A= Ipp<p<--<po=poeSt st L([pi,pi+1]) < &
V97 =0 and  [9)9|(0) = Cte on (pi, pis1)
Observe

Wz = inf max_ E(c(t,-
0 7€Qz,NAQ  t€[0,1] ( ( ))

for some @ € N. Denote

G := AN {immersed closed geodesics}
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Birkhoff Curve Shortening Map : The “Prehistory”

of Pseudo-Gradient Flows.
Theorem [Birkhoff 1918] 3 a morphism ¥ : N — A s.t.
i) W is continuous (N is equipped with the W2 topology.)
i) V&el V(&) is homotopic to &,
i) ¥ & € A,
L(w(7)) < L() ,

iv) 3¢ € C°([0,00),[0,00)) s.t. ©(0) =0 and

2(3) — L2(W(&
dist® (¢, V¥(7)) < ¢ <L ( 22(\UL(S;( )))

v) Ve>0 dJa>0st

dist(7,G) > ¢ = L(W(F)) < L(G) - a

where the distance is derived from the W12 norm. t]
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Existence of Closed Geodesics Realizing W; > 0.

Theorem Let &g be a sweepout of N? such that Wz, > 0 then the
number W;, is the length of a closed geodesics in N? homotopic
to &Y. O

Proof : We “pull tight” a minimizing sequence & into
Yk = W(Fk). Hence

Ye>0 dn>0 st for k large enough

(2m) " L2(Fi(t, ) = E(k(t, ")) > W5,—n = dist(k(t,"),G) < e
O
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A Strict Convexity Behind the Construction of V.

Lemma Let | be an interval in S such that |I| < §/2m and let 7,
be a Lipschitz map on | such that |0y51| < 1 and & be the
minimizing geodesic with the same end points,then we have

dist?(61,52) < C [E(G1) — E(52)]

where C > 0 only depends on N". O
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Sacks-Uhlenbeck 1980 : Let I' € mp(N")
Step 1 : Minimize

Eo‘(u) = / (1 + |dU|§2)(1+U) dVO/SZ s.t. [u] =T ;é 0
52
The problem is sub-critical.

Step 2 : u, be a minimizer. Make o — 0.

Lemma. Uniform e—regularity dJey >0 st. V0<o<1

/ (1+ |dug[32)7) dvols: < ey = |dug|(x) < r 7t
Br(x)
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The Origins of Concentration Compactness

Uniform e—regularity => u, W12—bubble tree converges towards
uteu® 8% — N7

the o/ are conformal harmonic hence u(S?) are minimal spheres
and
W@ - @u®=r

— O

Bubble Tree of Minimal Spheres
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Colding-Minicozzi Min-Max Construction of Minimal
Spheres

Sweepouts of N3 : u € CO([0, 1], W2(52, N3)) s.t.
u([0,1] x S?) generates  H3(N3,7)

the following energy level

0< W:= inf max \du|§2 dvols>
u(s,) sweepout s€[0,1] J g2

is achieved by a bubble tree of conformal harmonic maps.

The proof is very involved. Based on harmonic replacement
method coming from the local convexity of the harmonic map
Lagrangian.

It replaces Birkhoff curve shortening procedure.
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This has brought important results in codimension 1.
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(M™, g) be a closed Riemannian manifold then there exists a
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Conjecture [S.T. Yau, 1980] Any compact 3 dimensional
Riemannian manifold contains infinitely many smooth minimal
immersions of closed surfaces. g

Theorem [Marques, Neves, 2016] Let 3 < m <7 and (M™,g) be a
closed Riemannian manifold of positive Ricci curvature then there

exists infinitely many embedded minimal surface of codimension 1
in M™, O



